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Nomenclature
Ixx = principal moments of inertia in x direction
Iyy = principal moments of inertia in y direction
Izz = principal moments of inertia in z direction
x; y = shape parameters (moments of inertia ratios)
! = angular velocity of asteroid in dimensionless units
M = asteroid's mass
R =
p
Izz=M
a; b; c = semi axes ellipsoid
 = density
i = internal potential
e = internal potential
R = radius of the circumscribing sphere
I. Introduction
Large bodies of the Solar System such as planets and most of their moons have approximately
spherical shapes as gravity, due to the large mass, has reshaped them into spheres. However, for
asteroids and comets, their gravity is not strong enough to overcome material strength. Therefore
they are characterised by very irregular shapes and, consequently, irregular gravitational elds.
Hence, the mathematical models that reduce the bodies to point masses are unsuitable for planning
missions targeting them.
In the literature, it is possible to nd dierent methods to model the gravitational potential
of a non-spherical body: a dumb-bell approximation [7], a homogeneous ellipsoid [2, 3, 16], and
an expansion of the gravitational potential using spherical harmonics up to second order [911],
or to higher orders [18]. These gravitational models have been complemented more recently by
more precise models: the mascon model [6] using small point masses that ll up the body and the
homogeneous polyhedron model [19] which approximates the body with a polyhedron with many
faces and constant density.
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The rst three models mentioned have the advantage that they are very general and can be
applied to the majority of asteroids and comets. However, they have some important drawbacks.
The dumb-bell model is very simplied and might not adequately represent the real dynamical
environment of an elongated body. The homogeneous ellipsoid is computationally demanding and
has to be solved numerically as it requires the constant solution for elliptic functions. Finally, the
expansion of the potential with spherical harmonics can suer severe divergence near the surface
of the asteroid as it does not satisfy Poisson's equation. On the other hand, the mascon and the
polyhedron models have the advantage that they can reproduce the shape of a particular body to
a great degree of accuracy, allowing for strange shapes and asymmetries to be taken into account.
However, they require a lot of information about the shape of the body being studied, and they are
body-dependant, which means that the results of one model cannot be generalised to another body.
Analysing the literature, it can be observed that if accurate observation models of the asteroids
are computed by spacecraft orbiting the bodies or detailed radar imaging, then, the mascon and
polyhedral model can be used to reproduce numerically the dynamical environment of the asteroid.
However, when the information about the target body is not abundant, the approximated models
using spherical harmonics or using ellipsoids have important drawbacks. Moreover, the accurate
dynamical model given by the polyhedron gravitational potential is very computationally demanding
and it would be interesting to have a simplied model that could encapsulate the same information
given by the complex model in an easier way.
In this paper a dierent derivation of the gravitational potential of a non-spherical body is de-
veloped. The gravitational potential is derived as an expansion in terms of spherical Bessel functions
and spherical harmonics that matches smoothly with the usual spherical harmonics expansion at a
given spherical boundary, hence satisfying both Poisson's and Laplace's equation. When the order
of the expansion is up to two, this potential can be used to model asteroids for which only the mass
and moments of inertia are known, and at the same time allows for a general study of the dynamics
in terms of the potential coecients given by the mass and inertia moments of the asteroid. As this
potential satises Poisson's and Laplace's equation it can be used near the surface of the body as
far away from it.
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The aim of this paper is to show how with a very simplied model of the potential it is possible
to encapsulate an accurate representation of the dynamics given by more sophisticated models.
The structure of the paper is the following. In section II the theory of the gravitational potential
is summarised. In section III a solution is proposed that matches smoothly with the well known
McCullagh's formula and conserves the mass and moments of inertia of the body. In section IV
higher order expansion are computed and compared with other models. Finally, in section V some
other dynamical information is imposed on the potential to have more realistic results.
II. The gravitational potential
Assume there is an attracting rigid body with a continuous mass distribution and an attracted
point P with coordinates (x; y; z). Let l be the distance between an element of mass of the body
dm = dV with coordinates (; ; ) and the point P , l =
p
(x  )2 + (y   )2 + (z   )2: Then,
the gravitational potential of the body at P has the following expression [8, 13],
(x; y; z) = G
ZZZ
V
(; ; )
l
ddd; (1)
where (x; y; z) is the density of the body and V the volume.
The potential (x; y; z) and the three components of the force (@@x ;
@
@y ;
@
@z ) exist at all points
and are continuous throughout space. Moreover, a gravitational potential function  must satisfy
one of the following dierential equations [5]: for regions away from the attracting matter, Laplace's
equation
r2 = 0; (2)
and for regions within the attracting matter, Poisson's equation
r2 =  4G: (3)
A possible way to solve for the potential of a particular mass distribution is to solve inde-
pendently both equations and impose that the solutions and their derivatives match at a given
boundary.
4
A. The external potential of a rigid body: solution of Laplace's equation
It is well known that outside a spherical boundary that contains the mass of the body, the
solution of Laplace's equation, which from now on is going to be called the external potential, can
be expressed using spherical harmonics [12, 13]:
e(r; ; ') =
G
R
1X
n=0

R
r
n+1 nX
m=0
(anmP
m
n (cos()) cos(m') + bnmP
m
n (cos() sin(m')) ; (4)
where (r; ; ') are the spherical coordinates, R the radius of the spherical boundary, Pmn (cos ) the
associated Legendre Polynomials and anm and bnm the coecients of the expansion. Due to the
fact that the functions Cnm = P
m
n (cos ) cos(m') and Snm = P
m
n (cos ) sin(m') are orthogonal, it
is possible to compute the coecients anm and bnm of the expansion of e, in terms of the density
distribution
an0 =
ZZZ
V
 r
R
n
Pn(cos )(r; ; ')dV; (5)
anm = 2
(n m)!
(n+m)!
ZZZ
V
 r
R
n
Cnm(; ')(r; ; ')dV; for m 6= 0 (6)
bnm = 2
(n m)!
(n+m)!
ZZZ
V
 r
R
n
Snm(; ')(r; ; ')dV; for m 6= 0: (7)
1. MacCullagh's Formula in Cartesian coordinates
The following expressions are the coecients of the expansion of the external potential up to
second order, in cartesian coordinates, where M is the mass of the body and (x; y; z) its density:
a00 =
RRR
V
(x; y; z)dV = M; b00 = 0;
a10 =
1
R
RRR
V
z(x; y; z)dV; b10 = 0;
a11 =
1
R
RRR
V
x(x; y; z)dV; b11 =
1
R
RRR
V
y(x; y; z)dV;
a20 =
1
R2
RRR
V
( x22   y
2
2 + z
2)(x; y; z)dV; b20 = 0;
a21 =
1
R2
RRR
V
xz(x; y; z)dV; b21 =
1
R2
RRR
V
yz(x; y; z)dV;
a22 =
1
R2
RRR
V
(x2   y2)(x; y; z)dV; b22 = 1R2
RRR
V
xy(x; y; z)dV:
Let  = 1M
RRR
V
x(x; y; z)dV ,  = 1M
RRR
V
y(x; y; z)dV , and  = 1M
RRR
V
z(x; y; z)dV , the
rectangular coordinates of the centre of gravity. If the origin of the coordinate system coincides
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with the centre of gravity then  =  =  = 0, which means that a10 = a11 = b11 = 0. If the
frame coordinates are aligned with the principal inertia axes of the body, then the mass moments
of inertia are
Ixx =
ZZZ
V
(y2 + z2)(x; y; z)dV; (8)
Iyy =
ZZZ
V
(x2 + z2)(x; y; z)dV; (9)
Izz =
ZZZ
V
(x2 + y2)(x; y; z)dV; (10)
and the products of inertia are zero. Then a20 =
1
2R2 (Ixx+Iyy 2Izz), a21 = 0, a22 = 14R2 (Iyy Ixx),
b21 = 0 and b22 = 0. Using these coecients, the potential up to second order can be written as
e(x; y; z) =
GMp
x2 + y2 + z2

1 +
1
2(x2 + y2 + z2)

tr(I3)  3
x2 + y2 + z2
 
Ixxx
2 + Iyyy
2 + Izzz
2

;
(11)
where I3 represents the diagonal matrix with elements (Ixx; Iyy; Izz) and the bar represents the
variable divided by the total mass M [17]. This formula is known as MacCullagh's formula and it
gives the external potential to second order of a body of mass M and moments of inertia Ixx; Iyy
and Izz.
B. The internal potential of a rigid body: solution of Poisson's equation
Following the theory developed in [1, 15], the solution of Poisson's equation can also be obtained
by expanding the potential and density of the body in terms of a series of basis functions. As for
the external potential case spherical harmonics are used,
r2f(r)P jmjn (cos ) exp(im') = Ln(f)P jmjn (cos ) exp(im'); (12)
where
Ln(f) = 1
r2
d
dr

r2
df
dr

  n(n+ 1)
r2
f: (13)
It is convenient then to expand f(r) in a set of radial functions fln(r) which satisfy the eigenvalue
problem
Ln(fln) =  k2lnfln: (14)
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The solution of (14) are fln = jn(klnr), the spherical Bessel functions [1]. The eigenvalues kln are
determined by the boundary conditions which are given by the fact that the internal and external
potential and the forces derived from them have to match at a spherical surface of radius R. This
surface must contain the whole body that generates the potential, but should not be very large as
then many Bessel functions will be needed. Thus, the circumscribing sphere of radius R is a suitable
candidate.
The internal potential can then be expanded as
i(r; ; ') =
G
R
1X
l=0
1X
n=0
nX
m=0
jn
lnr
R

Pmn (cos ) (Alnm cos(m') +Blnm sin(m')) ; (15)
where the coecients Alnm and Blnm depend on the body, and ln = Rkln are dimensionless
eigenvalues which are determined by imposing that the internal and external potential are identical
when r = R and limr!R  @i@r = limr!R+
@e
@r .
In order to determine the dimensionless eigenvalues, it is easier if the external potential is also
written in terms of spherical Bessel functions. It then has the following expression
e(r; ; ') =
G
R
1X
l=0
1X
n=0
nX
m=0
jn (ln)

R
r
n+1
Pmn (cos ) (Alnm cos(m') +Blnm sin(m')) : (16)
Therefore, by using the properties of the spherical Bessel functions, it is possible to see that the
dimensionless eigenvalues are the solutions of jn 1(ln) = 0.
Using the expansion of the internal potential from equation (15) in Poisson's equation, it is
possible to nd an analytic expression for the density distribution of the body in terms of the
spherical harmonics and spherical Bessel functions
(r; ; ') =
1X
l=0
1X
n=0
nX
m=0
2lnjn
lnr
R

Pmn (cos ) (Alnm cos(m') +Blnm sin(m')) : (17)
The coecients Alnm and Blnm of the expansion can be computed due to the orthogonality
properties of the basis functions,
Aln0 =
2(2n+ 1)
2ln (jn(ln))
2
ZZZ
V
jn
lnr
R

P 0n(cos )(r; ; ')dV; (18)
Alnm =
4(2n+ 1)
2ln (jn(ln))
2
(n m)!
(n+m)!
ZZZ
V
jn
lnr
R

Pmn (cos ) cos(m')(r; ; ')dV; (19)
Blnm =
4(2n+ 1)
2ln (jn(ln))
2
(n m)!
(n+m)!
ZZZ
V
jn
lnr
R

Pmn (cos ) sin(m')(r; ; ')dV: (20)
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Due to the fact that both expressions for the external potential, equations (4) and (16), are the
same, the relationships between their coecients are the following
anm =
1X
l=0
jn(ln)Alnm; (21)
bnm =
1X
l=0
jn(ln)Blnm: (22)
In order to determine the coecients accurately one should compute the integrals of equations
(18), (19) and (20), which requires knowledge of the density  and shape of the body. When the
density and the exact shape of the body are not known, only some constraints will be imposed on
the coecients: a) that they make the internal expansion match the external at the circumscribing
sphere (constraints given by equations (21) and (22)) and b) that the density of the body at the
spherical boundary vanishes
lim
r!R
(r; ; ') = 0 8 8': (23)
By imposing that the density vanishes the gravitational potential dened as the external potential
when r  R and the internal when r  R will satisfy that the second derivative is continuous.
With these constraints there are innite parameters to determine but only a limited set of equa-
tions and therefore there is some freedom in the choice of the coecients. In the following sections
some ways of choosing the coecients will be investigated and other constraints will be imposed on
the internal potential such that the solution of the force satises some dynamical requirements.
III. Solution proposed to second order
The aim of this section is to develop a general model of the gravitational potential of a non-
spherical body that only requires knowledge of the mass and moments of inertia of the body. For
the majority of asteroids discovered there is not enough information about their shape to develop a
good approximation of their gravitational potential. For those asteroids of which only the triaxial
axes and a mean density are known, an approximation of the mass and moments of inertia can
be computed assuming a triaxial shape and constant density. With this information an expansion
up to second order in terms of spherical Bessel functions and spherical harmonics can be derived,
allowing for a very simple expression of the gravitational potential which is easy to compute and is
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approximately dynamically equivalent to the gravitational potential of a constant density ellipsoid,
but that does not require the constant evaluation of elliptic integrals.
Assume that the information that is known about a particular body is an approximate mass M
and the principal moments of inertia Ixx, Iyy and Izz. Then, for the external potential MacCullagh's
formula can be used. On the other hand, for the case of the internal potential, the coecients Alnm
and Blnm have to be computed using only the information known.
From the computation of the coecients of MacCullagh's formula, it is known that a00M = 1,
a20
M =
1
2MR2 (Ixx+ Iyy 2Izz) = 12R2 ( Ixx+ Iyy 2 Izz) and a22M = 14MR2 (Iyy  Ixx) = 14R2 ( Iyy  Ixx).
Therefore an expansion up to second order of the internal potential will have coecients satisfying
1 =
1X
l=0
Al00j0(0l); (24)
1
2R2
( Ixx + Iyy   2 Izz) =
1X
l=0
Al20j2(2l); (25)
1
4R2
( Iyy   Ixx) =
1X
l=0
Al22j2(2l): (26)
plus the equation that guarantees that the density of the body at the spherical boundary must
vanish. As the density at the spherical boundary has to be zero for all ; and ', equation (23) can
be written as three dierent equations
1X
l=0
2l0j0(l0)Al00 = 0; (27)
1X
l=1
2l2j2(l2)Al20 = 0; (28)
1X
l=1
2l2j2(l2)Al22 = 0: (29)
In order to solve the problem, the coecients Alnm and Blnm are chosen in such a way that
they satisfy the equations (24), (25), (26) and (23). Other choices of the coecients that make the
potential satisfy the required equations will be valid as well and will give rise to dierent density
distributions of the body.
For each of the density equations a coecient is chosen such that these equations are always
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satised:
A000 =  
P1
l=1 
2
l0j2(l0)Al00
200j0(00)
; (30)
A120 =  
P1
l=2 
2
l2j2(l2)Al20
212j2(12)
; (31)
A122 =  
P1
l=2 
2
l2j2(l2)Al22
212j2(12)
: (32)
Substituting these expressions in (24), (25) and (26) the following equations are obtained the coef-
cients with l  1
1 =
1X
l=1
Al00j0(l0)

1  
2
l0
200

; (33)
1
2R2
( Ixx + Iyy   2 Izz) =
1X
l=2
Al20j2(l2)

1  
2
l2
212

; (34)
1
4R2
( Iyy   Ixx) =
1X
l=2
Al22j2(l2)

1  
2
l2
212

: (35)
Therefore the coecients can be chosen to be
Al00 =
200
j0(l0) (200   2l0)
g(l)P1
n=1 g(n)
l  1 (36)
Al20 =
1
2R2 (
Ixx + Iyy   2 Izz)212
j2(l2) (212   2l2)
g(l)P1
n=1 g(n)
l  2 (37)
Al22 =
1
4R2 (
Iyy   Ixx)212
j2(l2) (212   2l2)
g(l)P1
n=1 g(n)
l  2 (38)
where
P1
n=1 g(n) is a convergent series. As an expansion up to second order in terms of the inertia
moments is used, the coecients Blnm will satisfy
P1
l=0Blnmjn(nl) = bnm = 0 and therefore are
always zero for all l, n = 0; 1; 2 and m = 0; 1; 2.
When implementing this potential on a computer, the expansion will be truncated at some
order, and hence the series
P
g(n) should converge fast enough to maintain the accuracy of the
matching between the internal and external potential. In this paper the eect of choosing dierent
convergent series has been investigated and it is possible to conclude that the eect on the dynamics
is very small when a series that has converged with error 10 12 at the truncation term N has been
chosen, as seen in gure 1. Observing this gure, one can see that all the coecients except 1=n4 and
( 1)n=n4 produce trajectories almost indistinguishable to the naked eye. Reducing the truncating
term N implemented, coecients that converge faster will be needed.
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(a) Using positive coecients
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(b) Using alternate coecients
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(c) detailed image of 1(a)
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(d) detailed image of 1(b)
Fig. 1 Six dierent trajectories with the same Jacobi constant integrated with dierent co-
ecients for the internal potential, always using 2000 coecients. The ellipse dimensions
are a = 1:299688 and b = 0:519875. The initial conditions for the trajectories have expression
(a cos; b cos; 0; v cos; v sin; 0) where v is set to match the appropriate Jacobi constant and
 = 0; =6; =3; =2; 2=3; 5=6.
The choice of the internal coecients has a direct eect on the density distribution of the body.
In gure 2 some examples of the densities computed for asteroids modelled with triaxial shapes are
given. Observing the gure it is possible to make three main observations. First, that this choice of
the potential does not guarantee that the density distribution is always positive. Second, that the
external boundary of the body cannot be determined as the density is only required to be zero at
the circumscribing sphere and not at the surface of the body (which it is not known). Finally, it is
possible to observe that the more elongated the body is, the more pronounced are the two peaks
appearing, and that they merge in one when the body is close to spherical.
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(a) Density prole for asteroid Lutetia
modelled with semi-major axes a = 66,
b = 50:5 and c = 38 km.
(b) Density prole for asteroid Nereus
modelled with semi-major axes a = 255,
b = 165 and c = 120:5 m.
(c) Density prole for asteroid Geographos modelled
with semi-major axes a = 2:25, b = 0:9 and c = 0:9
km.
(d) Density prole for asteroid 1999 KW4
modelled with semi-major axes a = 766,
b747:5 and c = 671 m.
Fig. 2 Density proles at the equator of the mentioned asteroids computed using the coe-
cients of the internal expansion of the potential chosen.
The fact that the densities are allowed to be negative for this choice of the potential is not of
great concern in this research. This is because with this potential the only aim is to be able to
mimic in a very simple way the dynamics given by other models, which might be more complex and
computationally demanding. For many asteroids of which only the traixial dimensions are known,
it is common to study their dynamical environment using the gravitational potential of a constant
density ellipsoid. With the potential developed in this section, the aim is to reproduce the dynamics
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of that model without having to compute elliptic integrals.
Assume there is an ellipsoidal body with constant density and semi-major axes a = 1, b = 0:5
and c = b. From [13] the gravitational potential of the ellipsoid can be expressed as
ellipsoid(x; y; z) =
3
4
Z 1
(x;y;z)

1  x
2
a2 + u
  y
2
b2 + u
  z
2
c2 + u

dup
(a2 + u)(b2 + u)(c2 + u)
(39)
where (x; y; z) is the solution of 1   x2a2+   y
2
b2+   z
2
c2+ = 0 when (x; y; z) does not belong to
the ellipsoid or zero otherwise. The principal moments of the ellipsoid are computed as follows:
Ixx =
b2+c2
5 , Iyy =
a2+c2
5 and Izz =
a2+b2
5 . Then, it is possible to compute the potential given by
MacCullagh's formula and choose the internal potential coecients such that the density goes to
zero at the circumscribing sphere, and that the potential function is continuous in the same way
explained in this section. In gure 3 there is a comparison of both potentials.
(a) Equatorial potential of a constant density
ellipsoid
(b) Equatorial potential computed using the
MacCullagh's formula (dark gray region) and
the internal poetential expansion (light gray
region)
Fig. 3 Comparison of the equatorial potentials given by a) a constant density ellipsoid using
elliptic integrals and b) the potential developed up to second order.
In this example, as the aim is to mimic the dynamics given by the constant density ellipsoid,
the dynamical environment will be investigated. Assuming that this ellipsoid is rotating around the
z axis with a constant angular rate !, Scheeres described in [16] that there will be four equilibrium
points in the x; y plane aligned with the principal axes of the ellipsoid. Two of them will have
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a saddle-centre behaviour an will be aligned with the longest axis of the ellipsoid (called long
axis equilibrium points), and the other two, which will be aligned with the short axis (short axis
equilibrium points), will undergo a Hamiltonian-Hopf bifurcation. The aim is to reproduce the
location and stability of these equilibrium points using the developed gravitational potential. The
long axis equilibrium points always fall outside the circumscribing sphere and therefore will be
computed with the external potential. However, the long axis equilibrium points, depending on the
rotation rate of the asteroid, can fall in the external potential region when the rotation is slow, or
internal when it is faster.
In gure 4 the zero velocity curves for dierent levels of the Jacobi constant are plotted for
three dierent models of the potential: the constant density ellipsoid, MacCullagh's formula and
the interior/exterior potential developed. Observing the gure, it is possible to see that, as the
short axis equilibrium points fall on the internal potential region, the eective potential developed
(+!2r sin()) looks more similar to the ellipsoid's potential than just using MacCullagh's formula
inside the circumscribing sphere. Comparing the location and stability of the equilibrium points it
is possible to see that they are a good approximation.
x y 
1.072855365 0 2:304506466 and 1:975578712i
0 0.8159999984 0:5879140321 1:047210598i
1.001913621 0 1:051654355 and 1:449226663i
0 0.7443737021 0:8460329355 1:198236925
1.001913621 0 1:051654355 and 1:449226663i
0 0.7802269209 1:024276124 1:139830922i
Table 1 Location and stability of the equilibrium points given by the three gravitational
potentials used. The rst two rows correspond to the constant density ellipsoid, the middle
two to just using the spherical harmonics coecient and the last two correspond to using the
potential developed.
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(a) Zero velocity curves on the x; y plane for
the ellipsoid rotating with angular rate
! = 1:2 computed with the elliptical functions
(b) Zero velocity curves on the x; y plane for
the ellipsoid rotating with angular rate
! = 1:2 computed with the MacCullagh's
formula
(c) Zero velocity curves on the x; y plane for
the ellipsoid rotating with angular rate
! = 1:2 computed with the potential
developed
Fig. 4 Comparison of the zero velocity curves of the dierent potentials considered: a) constant
density ellipsoid, b)MacCullagh's formula and c)the potential developed up to second order
in terms of spherical harmonics and spherical Bessel functions. The contours in all the plots
have the same xed values.
IV. Expansion to higher orders
In the same way that the coecients of the internal potential have been chosen to match
smoothly an expansion in spherical harmonics up to order two, the MacCullagh's formula, they can
15
be chosen to match a higher order expansion in the same fashion. As an example, the gravitational
potential of asteroid 433 Eros has been expanded up to fourth order using the coecients of the
spherical harmonics expansion from [14]. The matching of the internal and external potential is
done in the same way but adding the equations for the coecients with degree and order up to
three and four.
(a) Zero velocity curves for asteroid Eros
computed with only the spherical harmonics
gravitational potential up to 4th order
(b) Zero velocity curves for asteroid Eros
computed with the gravitational potential
developed up to 4th order that matches
smoothly with the spherical harmonics
expansion
Fig. 5 Comparison of the gravitational potential for asteroid 433 Eros using the spherical
harmonics expansion up to order 4 and the gravitational potential developed as well to order
4. The zero velocity curves are computed at  = 0.
Observing gure 5 one can see that the gravitational potential developed for Eros denes bet-
ter the equilibrium points compared to the spherical harmonics inside the circumscribing sphere.
However, comparing these plots with the plots generated by the polyhedron potential model of Eros
from [20] it is possible to see that there has been a bifurcation of one of the short axis equilibrium
points and two more equilibrium points have appeared. This fact is a consequence of the particular
choice for the coecients of the internal potential expansion.
When a lot of information about a particular body is known, such as in the case of asteroid
Eros, which has been visited by the NEAR mission [4], it might be interesting to impose other
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constraints on the internal potential such that it satises other requirements, such as the location
of the equilibrium points xed or even their stability, without having to increase the order of the
expansion and the computational burden that it represents.
V. Other possible constraints on the coecients
In this section an example of how to choose the coecients in such a way that the equilibrium
points inside the circumscribing sphere are located on a desired xed position is given for a simple
case of an ellipsoid. For other shapes it can be done as well but more algebra has to be implemented.
Using the same ellipsoid as in section III the short axis equilibrium points are located at
(x0; y0; z0) = (0;0:8159999984; 0). As it is desired that these equilibrium points are solution
of the rotating equations of motion for the derived potential up to second order, then the following
equations have to be satised,
 !2x0 = @i
@x
(x0; y0; z0) (40)
 !2y0 = @i
@y
(x0; y0; z0) (41)
0 =
@i
@z
(x0; y0; z0) (42)
For the equilibrium point chosen, as x0 = z0 = 0 it is possible to see that the rst and third equation
are automatically satised, and due to the symmetry of the ellipsoid, if the second equation is
satised for y0 it will be automatically satised for  y0. Studying in more detail equation (41) it
can be written in the following form
 R!2y0 = A000f(0; 0; 0; x0; y0; z0) +
NX
l=1
Al00f(l; 0; 0; x0; y0; z0) + T (43)
where
f(l; n;m; x; y; z) = G

j0n
nlr
R
 nl
R
x
r
Pmn (cos()) cos(m')+ (44)
+jn
nlr
R

Pmn (cos())m sin(m')

y
x2 + y2

 jn
nlr
R

Pm
0
n (cos()) sin()
xz
r2
p
x2 + y2
cos(m')
!
;
T = G
NX
l=1
X
n1
nX
m=0
Alnmf(l; n;m; x0; y0; z0); (45)
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r =
p
x2 + y2 + z2; ' = arctan(y=x);  = arctan
p
x2+y2
z

and the symbol 0 denes the dierential
of the corresponding function with respect to its variable. Note that the coecients Blnm do not
appear as the ellipsoidal body has all of them equal to zero. For other more irregular shapes they
will have to be taken into account.
Considering equation (43) plus the other equations that have to be satised for an expansion
up to second order
a00 =
X
l0
Al00j0(0l) = 1; (46)
0 =
X
l0
Al00j0(0l)
2
0l; (47)
a20 =
X
l0
Al20j2(2l) (48)
0 =
X
l0
Al20j2(2l)
2
2l; (49)
a22 =
X
l0
Al22j2(2l) (50)
0 =
X
l0
Al22j2(2l)
2
2l; (51)
the coecients can be chosen in the following fashion: for Al20 and Al22 the same coecients as
in section III will be used. Then it is possible to compute the term T of equation (43) which will
be a constant once the coecients Al20 and Al22 are known, and the only remaining coecients to
be chosen will be Al00 for all l. In the same way as it was done in section III, the rst and second
coecients will be chosen such that equation (43) and (47) are always satised. Then,
A000 =
 (R!2y0 + T ) 
P
l1Al00f(l;0;0;x0;y0;z0)
f(0; 0; 0; x0; y0; z0)
; (52)
and
A100 =
K  Pl2Al00H(l; x0; y0; z0)
H(1; x0; y0; z0)
(53)
where K = (R!2y0 + T )j0(00)
2
00 and H(l; x0; y0; z0) = j0(0l)
2
0lf(0; 0; 0; x0; y0; z0)  
j0(00)
2
00f(l; 0; 0; x0; y0; z0). Finally, after some algebra, the rest of the coecients for l  2
will satisfy
X
l2
Al00V (l; x0; y0; z0) = W (54)
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where
V (l; x0; y0; z0) =  H(l; x0; y0; z0) Q+ S(l; x0; y0; z0):
Q =  f(1; 0; 0; x0; y0; z0)j0(00 + f(0; 0; 0; x0; y0; z0)j0(01:)
S(l; x0; y0; z0) = H(1; x0; y0; z0)f(0; 0; 0; x0; y0; z0)j0(0l) H(1; x0; y0; z0)f(l; 0; 0; x0; y0; z0)j0(00):
W = a00H(1; x0; y0; z0)f(0; 0; 0; x0; y0; z0) + (R!
2y0 + T )j0(00)H(1; x0; y0; z0) KQ:
Then, by writing
Al00 =
g(l)W
V (l; 0; 0; x0; y0; z0)
P
l2 g(l)
for l  2 (55)
all the equations required will be satised.
In gure 6 the zero velocity curves for a potential computed with these coecients up to second
order is plotted. These coecients guarantee that the short axis equilibrium point is found at the
desired location (x0; y0; z0) = (0;0:8159999984; 0).
Fig. 6 Zero velocity curves for the elliposid of semimajor axes 1,0.5,05 with the potential
computed in terms of spherical harmonics and spherical Bessel functions up to order two that
guarantees that the short axis equilibrium points are ate the desired location.
VI. Conclusions
In this paper we have presented a model of the gravitational potential of an elongated body up
to second order that can be used both near the surface and far away from it. There is no divergence
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of the expansion as Laplace's equation and Poisson's equation are both satised. This model can
be used to determine the approximate potential near the surface of bodies for which only the mass
and moments of inertia are known, and if more information about the body is provided, the model
can be extended to higher degree. Moreover, by the appropriate choice of the coecients of the
expansion other dynamical requirements can be satised as well, such as the equilibrium points
inside the circumscribing sphere be located in a particular place. In future work, the aim is to be
able to choose the coecients in a way that the stability of the equilibrium points is xed. Then,
with this model of the potential the approximate dynamics around equilibrium points close to the
surface of the body can be modelled and studied without the computational burden that more
accurate models like the polyhedron potential or mascon model provide.
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